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1. Let vy = [3| and v9 = |2].
1

(a)
(b)

2

Find the matrix representation of a linear transformation such that ker(7) =
span{vy, va}.
Find the matrix representation of a linear transformation such that Im(7T) =
span{vy, vy }.

Solutions:

(a)

In order to define a linear transformation, we need to define it on a basis. Since

{v1,v9} forms a linearly independent set, we can extend it to a basis by adding
1

something else in, like e; = |0| for instance. So, consider {vy, vq, €1}, which is
0

a linearly independent set. We note that since R® has dimension 3, {vi, vy, e}

forms a basis. Now, define T': R® — R such that T'(v;) = T(vy) = 0 (since we

need vy, v9 to span the kernel) and T'(e;) = 1 (this doesn’t need to be 1, it could

be anything nonzero. We can’t have it be zero or else the kernel would be bigger

than span(vy,vy)). From this, we note that given the matrix representation of

T, M, we would have M[ 1 Vg 61} = [0 0 1], from which we can solve for

M:[O 0 1} [vl Uy 61}_1

C1
Recall that given A = [4; --- A,], and z = | : |, we have Az = > i1 GA;.
CTL

As such, we can simply take [vl Ug] as our matrix.

(note that the answers given for both parts of this problem are far from unique!)



2. Let v = [ﬂ

(a) Find the matrix representation of the projection onto v (ie. T'(z) = Proj,(z)).
(b) Find the matrix representation of the reflection about v (ie. T'(z) = Refl,(z)).

(c) Are any of these invertible? If so, compute their inverse.

Solutions

(a) By recalling the formula, we note that Proj,(e1) = o= [ﬂ and Proj,(es) = 5 [i] :

These are the columns for the matrix representation.

(b) By recalling the formula, we note that Refl,(e1) = 5 {_7} and Refl,(es) =

24

24
+ [ } . These are the columns for the matrix representation.

25 |7

(c) The projection is not invertible, since it is collapsing a plane into a line (one may
also show non-invertibility by row reducing). The reflection is invertible, since
reflecting twice gives what we originally had (this can also be showed by squaring
the matrix).



3. Invert the following matrix

3
2
1

W W Ot
W 3 ©

Solution: Set up the augmented matrix [A|7] and row reduce it to [I|A™']. You can
do it!
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4. Suppose T : R® — R3 is a linear transformation such that T(|1]|) = [3], T(
1 d

5 0 1
1| and T(|3|) = |3|. Find the matrix representation of 7. Is T" invertible? If so,
3

2 1
compute its inverse.

1 10
Solution: Let M be the matrix representation. Then we know that M |1 2 3| =
1 31
51 11025 17"
1 3|. It then follows that M = |1 2 3| |3 1 3
2 3 1 3 1{ 1|5 2 3
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